. In this paper we investigate relations between solutions to the minimal surface equation in Euclidean 3-space E 3 , the zero mean curvature equation in Lorentz-Minkowski 3-space L 3 and the Born-Infeld equation under Wick rotations. We prove that the existence conditions of real solutions and imaginary solutions after Wick rotations are written by symmetries of solutions, and reveal how real and imaginary solutions are transformed under Wick rotations. We also give a transformation theory for zero mean curvature surfaces containing lightlike lines with some symmetries. As an application, we give new correspondences among some solutions to the above equations by using the noncommutativity between Wick rotations and isometries in the ambient space.
I
In this paper we study geometric relations of real analytic solutions to the following three equations The equation (1) is called the minimal surface equation which is the equation of minimal graphs over a domain of the x y-plane in Euclidean 3-space E 3 = E 3 (x, y, z). The second equation (2) is called the zero mean curvature equation, which is the equation of graphs with zero mean curvature over a domain of the spacelike x y-plane in Lorentz-Minkowski 3-space L 3 = L 3 (t, x, y). The graph of g is spacelike if 1 − g 2 x − g 2 y > 0, timelike if 1 − g 2 x − g 2 y < 0 and lightlike if 1 − g 2 x − g 2 y = 0. The third equation (3) is called the Born-Infeld equation, which is the equation of graphs with zero mean curvature over a domain of the timelike t x-plane in L 3 . The equation (3) also appears in a geometric nonlinear theory of electromagnetism, which is known as Born-Infeld model introduced by Born and Infeld [3] . A surface in L 3 whose mean curvature vanishes identically is called a zero mean curvature surface, and such surface can be written as the graph of a solution to (2) or (3) after a rigid motion in L 3 . A spacelike (resp. timelike) zero mean curvature surface is called a maximal surface (resp. timelike minimal surface).
It is known that there is a duality between solutions to (1) and spacelike solutions to (2) called the Calabi's correspondence [4] as follows. Let z = f (x, y) be a minimal graph over a simply-connected domain. Since the equation (1) for f is equivalent to
we can find a spacelike solution to (2) on the same domain such that
We can recover a solution to (1) from a spacelike solution to (2) by the same procedure.
On the other hand, there are some solutions to (1) and (2) which do not correspond by the Calabi's correspondence but resemble each other as pointed out in [10, 19] . For example, the solution to (1) (4) z = f (x, y) = log cos x cos y is the graph of the classical Scherk minimal surface in E 3 . On the other hand, (5) t = g(x, y) = log cosh x cosh y is a solution to (2) in L 3 (t, x, y) which is an entire graph found by Kobayashi [19] having all causal characters (Figure 1 , center). This surface can be obtained by replacing x and y by ix and iy in (4) , and by identifying z with t. Moreover, if we replace only y by iy in (4) , and by identifying (x, y, z) with (x,t,ỹ), we have the following solution to (3) in L 3 (t,x,ỹ) y = h(t,x) = log cosx cosht .
F 1. From left to right:
The doubly periodic Scherk minimal surface, Scherk type zero mean curvature surface in [19] and the corresponding solution to (3) .
In general, solutions to the equations (1), (2) and (3) [8, 13, 15, 16, 22] . In our setting, as pointed out in [22, Section 5] , the problem discussed so far to generate new solutions by using Wick rotations is that solutions may be complex valued, in general. In this paper, we give criteria for existence of real and imaginary solutions after Wick rotations, and study geometric properties of these correspondences as follows (Theorem 3.4).
Theorem A. Let z = f (x, y) be a solution to (1) without umbilic points on y = 0. The following statements hold.
(i) If f is even with respect to the y-axis, then the graphỹ
a timelike solution to (3) with negative Gaussian curvature neart = y = 0, wherẽ t = y,x = x andỹ = z. (ii) If f is odd with respect to the y-axis, then the graphỹ
a timelike solution to (3) with positive Gaussian curvature nearx = y = 0, wherẽ t = x,x = y andỹ = z.
We also prove similar correspondences for solutions to (2) and (3) in Theorem 3.8, and for solutions to (1) and (2) in Theorem 3.10.
Moreover, we study in Section 4 Wick rotations starting from lightlike points, that is, points on which the metric of a surface is degenerate. In general, maximal surfaces and timelike minimal surfaces in L 3 have singular points, on which surfaces are not immersed. Such singular points appear as lightlike points and most of singular points have been studied by Weierstrass type representation formulas (see, for example, [6, 9, 12, 19, 23] ) and the singular Björling formula (cf. [16, 17] ) on isothermal coordinates. However it is known that there is a case that lightlike points consist of a lightlike line, on which the isothermal coordinates break down (see [10, Section 1] and also [16, Lemma 3.2] , [17, Corollary 3.3] ). Recently such surfaces have been studied intensively. In [10] , zero mean curvature surfaces with lightlike lines were categorized into the following six classes (the definition of each class is given in Section 4) α [1, 10, 11, 12, 24] . In particular, for each class as above, the existence of a zero mean curvature surface which can have any possible causal character along a lightlike line was proved in [24] . However, since one cannot take isothermal coordinates near lightlike lines, there is no known explcit representation formula for such surfaces. In this paper, we give a transformation theory for zero mean curvature surfaces with lightlike lines via Wick rotations. More precisely, we prove the following transformation method via Wick rotations (Theorem 4.5).
Theorem B. Let t = g(x, y) be a real analytic solution to (2) with a lightlike line segment L which contains the origin in L 3 .
(i) If g is even with respect to the x-axis, then the solutionỹ = h(t,x) = g(ix,t) in L 3 (t,x,ỹ) to (3) also has a lightlike line segmentL. Moreover these two solutions belong to the same class as above along L andL, wheret = y,x = x andỹ = t. (ii) If g is odd with respect to the x-axis, then the solutionỹ = h(t,x) = −ig(it,x) in L 3 (t,x,ỹ) to (3) also has a lightlike line segmentL, wheret = x,x = y andỹ = t. 
P
In this paper, we deal only with real analytic immersions and real analytic graphs. We denote by L 3 = L 3 (t, x, y) the Lorentz-Minkowski 3-space with the metric , = −(dt) 2 + (dx) 2 + (dy) 2 , where (t, x, y) are the canonical coordinates. An immersion X : Ω → L 3 of a domain Ω ⊂ R 2 into L 3 is called spacelike (resp. timelike, lightlike) at a point p ∈ Ω if its first fundamental form I = X * , is Riemannian (resp. Lorentzian, degenerate) at p. For a spacelike (or timelike) immersion, we can take a timelike (or spacelike) unit normal vector field ν. Let ∇ denote the Levi-Civita connection on L 3 , and suppose ξ and η are smooth vector fields on Ω. Then the shape operator (or the Weingarten map) S of X and the second fundamental form II are defined by
The mean curvature H and the Gaussian curvature K of the surface X are defined by
An eigenvalue of the shape operator S is called a principal curvature of X. When an immersion X is spacelike, the shape operator S is symmetric. Hence we can always take real principal curvatures at any point, and a point on which two principal curvatures are equal is called an umbilic point. On the other hand, the shape operator S for a timelike immersion is not always diagonalizable even over the complex number field C. In this case, a point on which S has same real principal curvatures is called an umbilic point, and a point on which S is non-diagonalizable over C is called a quasi-umbilic point, see [5] or [2] for details.
After a rigid motion in L 3 , any spacelike or timelike surface can be written as a graph over a domain in the spacelike x y-plane, which has the form X(x, y) = (g(x, y), x, y), or a graph over a domain in the timelike t x-plane, which has the form
The first fundamental form for X or Y , we denote them by I g and I h , are
The unit normal vector fields for each of the case are given by
Put ε g := ν g , ν g and ε h := ν h , ν h . The second fundamental forms of X and Y , we denote them by II g and II h , are
,
The mean curvature H g and the Gaussian curvature K g of X is written as
While, the mean curvature H h and the Gaussian curvature K h of Y is written as
Then the condition that the mean curvature vanishes identically leads to the equations (2) and (3), respectively. A surface in L 3 whose mean curvature vanishes identically is called a zero mean curvature surface, and a spacelike (resp. timelike) zero mean curvature surface is called a maximal surface (resp. timelike minimal surface).
On the other hand, if one considers a graph Z(x, y) = (x, y, f (x, y)) in Euclidean 3-space E 3 = E 3 (x, y, z) over a domain in the x y-plane, then the mean curvature is written as
Then H f vanishes identically, that is, Z is a minimal surface if and only if f satisfies (1). The Gaussian curvature of Z is written as
From Section 3, we discuss correspondences among minimal surfaces in E 3 and zero mean curvature surfaces in L 3 via Wick rotations as explained in Introduction.
R
In this section we give geometric relationships among solutions to the three equations (1), (2) and (3) under Wick rotations mentioned in Introduction. First we prove a necessary and sufficient condition for getting the real or imaginary solution after the Wick rotation of a solution. Lemma 3.1. Let ϕ = ϕ(x 1 , x 2 ) be a real analytic function, and consider its Wick rotation
, where x 1 and x 2 are two of the canonical coordinates in E 3 or L 3 . Then ψ is real (resp. imaginary) valued if and only if ϕ is even (resp. odd) with respect to the x 1 -axis. Moreover ψ is also even (resp. odd) with respect to the x 1 -axis.
Proof. Taking the following expansion near
ψ can be written as
Therefore ψ is real (resp. imaginary) valued if and only if the odd (resp. even) terms vanish, which proves the desired result.
Geometric properties of transformations between solutions to (1) and (3).
By the correspondence between solutions to (1) and (3) under Wick rotations which was mentioned in [7, 15] and Lemma 3.1, we have the following. Proposition 3.2. For a solution z = f (x, y) to (1) with even symmetry with respect to the y-axis
with even symmetry with respect to thet-axis, z = h(iy, x) is a real solution to (1) in E 3 (x, y, z), wheret = y,x = x andỹ = z.
From imaginary solutions obtained by Wick rotations, we can also construct real solutions as follows: Proposition 3.3. For a solution z = f (x, y) to (1) with odd symmetry to the y-axis, (3) in L 3 (t,x,ỹ) with odd symmetry to thex-axis, z = −ih(x, iy) is a real solution to (1) in E 3 (x, y, z), wheret = x,x = y andỹ = z.
Proof. We prove only the first part. If we set h(t,x) = −i f (t, ix), thenỹ = h(t,x) is real valued by Lemma 3.1. Since
we obtain the relation
wheret = x andx = y. By (1) and the identity theorem, the right hand side of the above equation is equal to zero for any (x, y). Hence h satisfies (3).
Solutions to (3) obtained from solutions to (1) as Propositions 3.2 and 3.3 are zero mean curvature graphs over a domain of the timelike t x-plane in L 3 (t, x, y). From now on, we study geometric properties of these zero mean curvature surfaces. 
(i) If f is even with respect to the y-axis, then the graphỹ
timelike minimal surface with negative Gaussian curvature neart = y = 0, wherẽ
If f is odd with respect to the y-axis, then the graphỹ
is a timelike minimal surface with positive Gaussian curvature nearx = y = 0, wheret = x,x = y andỹ = z.
Proof. First we prove (i). We set h 1 (t,x) := f (x, it). Since the first fundamental form of the graph h 1 at (t,x) = (y, x) is
the graph is timelike neart = y = 0. If we set W f = 1 + f 2 x + f 2 y , then the unit normal vector field is written as
By using it, the second fundamental is computed as
and hence the Gaussian curvature of h 1 , we denote it by K h 1 , is
On the other hand, the Gaussian curvature of the graph f , we denoted it by K f , is written as (6) . Since f is minimal and (x, 0) is not an umbilic point, K f < 0. By (6) and (7), we obtain (i). Next, we set h 2 (t,x) := −i f (t, ix) and prove (ii). Since the first fundamental form of the graph h 2 at (t,x) = (x, y) is
the graph is also timelike nearx = y = 0. The Gaussian curvature of h 2 , we denote it by K h 2 , is
Therefore, the graph has positive Gaussian curvature nearx = y = 0 by (6) and (8). Remark 3.5. An umbilic point (t,x) = (y, x) = (0, x) of a minimal graph f can be transformed into an umbilic point of the graph h 1 or h 2 defined as in the proof of Theorem 3.4. In fact, for the case (i) in Theorem 3.4, f satisfies f xy (x, 0) = 0 by the even symmetry of f with respect to y. Hence,
If We assume that f x x (x, 0) = 0, we have f yy (x, 0) = 0 by (1), and the converse is also true. Therefore the second fundamental from of h 1 vanishes at (t,x) = (0, x), which proves that (t,x) = (0, x) is an umbilic point of h 1 . Similarly, for the case (ii), we can prove that (t,x) = (x, 0) is also an umbilic point of h 2 in the proof of Theorem 3.4. Therefore quasi-umbilic points do not appear on the center of symmetries.
In Theorem 3.4, we saw that minimal surfaces in E 3 with even (resp. odd) symmetry with respect to an axis correspond to timelike minimal surfaces in L 3 with negative (resp. positive) Gaussian curvature. As pointed out in [2] , the diagonalizability of the shape operator of a timelike minimal surface corresponds to the sign of the Gaussian curvature. As a corollary of Theorem 3.4, we have a result about relations between symmetries and diagonalizability of the shape operator of timelike minimal surfaces. Corollary 3.6. Away from flat points, a timelike minimal graph y = h(t, x) with even (resp. odd) symmetry with respect to the t-axis (resp. x-axis) has real (resp. complex) principal curvatures near the axis.
Proof. By Lemma 3.1 and Proposition 3.2 (resp. Proposition 3.3), the Wick rotated solutioñ z = f (x,ỹ) = h(iỹ,x) (resp.z = f (x,ỹ) = −ih(x, iỹ)) is a solution to (1) with the even (resp. odd) symmetry with respect to theỹ-axis. By using Theorem 3.4 for the minimal graph f in E 3 (x,ỹ,z), we conclude that the Wick rotated solution of f , which is nothing but the original solution h, is timelike and has negative (resp. positive) Gaussian curvature. Away from flat points the diagonalizability of the shape operator of a timelike minimal surface is determined by the sign of the Gaussian curvature K, see [2] for details. Since the shape operator is diagonalizable over R (resp. C \ R) on a point where K is negative (resp. positive), we have the desired result.
Geometric properties of transformations between solutions to (2) and (3).
A relation between solutions to (2) and (3) (i) For a solution t = g(x, y) to (2) with even symmetry to the x-axis,ỹ = g(ix,t) is a real solution to (3) in L 3 (t,x,ỹ) . Conversely, for a solutionỹ = h(t,x) to (3) in L 3 (t,x,ỹ) with even symmetry with respect to thex-axis, t = h(y, ix) is a real solution to (2) in L 3 (t, x, y), wheret = y,x = x andỹ = t.
(ii) For a solution t = g(x, y) to (2) with odd symmetry to the x-axis,ỹ = −ig(it,x) is a real solution to (3) in L 3 (t,x,ỹ). Conversely, for a solutionỹ = h(t,x) to (3) in L 3 (t,x,ỹ) with odd symmetry to thet-axis, t = −ih(ix, y) is a real solution to (2) in L 3 (t, x, y), wheret = x,x = y andỹ = t.
In Theorem 3.4, we saw that minimal graphs in E 3 correspond to timelike minimal graphs over a domain of the timelike t x-plane in L 3 (t, x, y). On the other hand, by Wick rotations between solutions to (2) and (3), causal characters of solutions change in general. First we consider Wick rotations near spacelike or timelike part of solutions (In Section 4, we will discuss Wick rotations near lightlike points). Based on the correspondences given in Proposition 3.7, we prove the next theorem which relates the causal characters, symmetries and Gaussian curvatures of solutions.
Theorem 3.8. Let t = g(x, y) be a solution to (2). The following statements hold. (i) If g is even with respect to the x-axis, then the graph of g is spacelike (resp. timelike) if and only if the solutionỹ
is timelike (resp. spacelike), wheret = y,x = x andỹ = t.
Moreover the Gaussian curvature of the graph of g is positive (resp. negative), and that of the graph of h is negative (resp. positive) away from umbilic points. (ii) If g is odd with respect to the x-axis, then the graph of g is spacelike (resp. timelike) if and only if the solutionỹ
is timelike (resp. spacelike), wheret = x,x = y andỹ = t. Moreover the Gaussian curvatures of both graphs are positive away from umbilic points.
Proof. We prove only the first assertion of (i). The rest of the proof is the same as that of Theorem 3.4. Since the first fundamental form of the graph of h is
the causal character of the graph of h at (t,x) is determined by its determinant, that is, the sign of −1 + g 2 x (ix,t) + g 2 y (ix,t). On the other hand, the causal character of the graph of g at (x, y) is determined by the sign of 1 − g 2
x (x, y) − g 2 y (x, y), hence the graph of h is spacelike (resp. timelike) at (t,x) = (t, 0) if and only if the graph of g is timelike (resp. spacelike) at (x, y) = (0, y).
In addition to Corollary 3.6, we complete the description of relations between symmetries of a timelike minimal graph and the diagonalizability of the shape operator as follows.
Corollary 3.9. The following statements hold. (i) Away from flat points, a timelike minimal graph y = h(t, x) with even (resp. odd)
symmetry with respect to the x-axis (resp. t-axis) has real (resp. complex) principal curvatures near the axis. (ii) Away from flat points, a timelike minimal graph t = g(x, y) with even (resp. odd) symmetry with respect to the x-axis has real (resp. complex) principal curvatures near the axis.
Proof. By Lemma 3.1, the Wick rotation of h or g with respect to the considered axis is also even (or odd) and by using Theorem 3.8, we have the desired result.
Geometric properties of transformations between solutions to (1) and (2).
As we saw in Introduction, we can construct a solution to (2) by taking Wick rotations with respect to two variables of a solution to (1) when the solution has symmetries. The following theorem is an immediate consequence of Theorems 3.4 and 3.8.
Theorem 3.10. Let z = f (x, y) be a solution to (1) in E 3 (x, y, z). If f is even (resp. odd) with respect to the x and y axes, then its Wick rotation t = g(x, y) = f (ix, iy) (resp. t = g(x, y) = − f (ix, iy)) is a real solution to (2) in L 3 (t, x, y) which is spacelike at least near the origin o = (0, 0).
Conversely, if we take Wick rotations of a solution to (2) which is even (or odd) with respect to two variables and spacelike at least near the origin, we obtain a real solution to (1).
T
In Proposition 3.7 and Theorem 3.8, we saw how solutions to (2) and (3) are transformed to each other near spacelike and timelike points. In this section, we study Wick rotations starting from lightlike points. As an application, we give a transformation theory of zero mean curvature surfaces which contain a lightlike line.
Wick rotations starting from lightlike points.
In the following, we are concerned with Wick rotations starting from lightlike points. For a solution g to (2), we define the function B g = 1 − g 2 x − g 2 y and its gradient ∇B g = ((B g ) x , (B g ) y ). In [18] , Klyachin showed the following property of lightlike points on zero mean curvature surfaces in L 3 : Theorem 4.1 ([18] and cf. also [24] ). Let g be a solution to (2) The first case is now well understood. In fact, for the null curve γ in (i) of Theorem 4.1, the spacelike part Φ and the timelike part Ψ of the graph of g can be written as
respectively, and the images of Φ and Ψ match real analytically along γ. See [12, 14, 16, 18] for details. Moreover, as noted in [16, Section 2], these two parts are also related by the Wick rotations
On the other hand, the second case has been studied intensively in recent years [1, 10, 11, 12, 24] . In this section, we give a transformation theory for zero mean curvature surfaces with lightlike points satisfying the condition (ii) in Proof. By the even symmetry of g to the x-axis, we have g x (0, y) = g x y (0, y) = 0. Hence the assumptions B g (o) = 0 and ∇B g (o) = 0 are equivalent to g y (o) = ±1 and g yy (o) = 0. Therefore, by Theorem 4.1, the graph of g has a lightlike line L whose direction is (±1, 0, 1).
By the Wick rotation, L is moved to the following lightlike lineL on the graph of h in L 3 (t,x,ỹ):
where the directions of the L andL are depending on the sign of g y (o) = ±1. The proof of (ii) is same as the previous case. For any zero mean curvature surface containing a lightlike line segment L, we may assume that L is in {(y, 0, y) | y ∈ R}. Locally such surface is represented as t = g(x, y) near L. Near L, we can expand the function g as (10) g(x, y) = y + α g (y)
where α g = α g (y) and β g = β g (x, y) are real analytic functions. In [24] , the function α g is called the (second) approximation function of the graph of g, and α g can be written as α g (y) = g x x (0, y). The approximation function α g satisfies the differential equation
where µ is a real constant called the characteristic along L, see [10] . By a homothetic change, we can normalize µ to be 1, 0, or −1, and α g is one of the following explicit solutions to (11) depending on µ = 1, 0 or −1:
Therefore all zero mean curvature surfaces containing a lightlike line are categorized into the above six classes. In [1, 10, 11, 12] , many important examples of zero mean curvature surfaces with lightlike lines were constructed, and the types of α g of these examples were determined. On the causal character near the lightlike line L, the following property is known. has the approximation function Proof. Near the lightlike lineL, we can write the graph of h as the graph of thexỹ-plane of a function f = f (x,ỹ) in L 3 (t,x,ỹ). First we prove (i). By Lemma 4.2, we may assume that L ⊂ {(y, 0, y) | y ∈ R} andL ⊂ {(ỹ, 0,ỹ) |ỹ ∈ R}. The approximation functions α g and α h are written as
Taking the derivative of the equationỹ = h( f (x,ỹ),x) with respect tox, we have
Since the graph of g contains the lightlike line segment L in {(y, 0, y) | y ∈ R}, hx(t, 0) = 0 and ht(t, 0) = 1. Hence we have fx(0,ỹ) = 0 onL by (12) . Moreover, by taking the derivative of (12) withx again,
Since fx(0,ỹ) = 0, ht(ỹ, 0) = 1 and hxx(ỹ, 0) = −α g (ỹ) onL, we obtain fxx(0,ỹ) = α g (ỹ) by (13) . Therefore we have α h = α g . Next we prove (ii). By (ii) of Lemma 4.2, we may assume that L ⊂ {(x, x, 0) | x ∈ R} andL ⊂ {(ỹ, 0,ỹ) |ỹ ∈ R}. The approximation functions α g and α h are written as
Since the graph of h contains the lightlike lineL in {(ỹ, 0,ỹ) |ỹ ∈ R}, ht(t, 0) = 1 and hx(t, 0) = 0. Hence we have fx(0,ỹ) = 0 onL by (12) . The equation (13) becomes
Since hxx(t, 0) = −iα g (it) and α h (ỹ) = fxx(0,ỹ), we obtain α h (ỹ) = iα g (iỹ). Moreover, by the symmetry of g with respect to the x-axis, α g and α h are odd functions. Since α + = − tan y, α 0 I = 0 or α − I = tanh y, here integral constants are determined by the odd symmetry of g automatically, are the only approximation functions with the odd symmetry in explicit solutions to (11) , we obtain the desired result.
By Proposition 4.4, we have the following corollary. 
E
In this section, we give examples of minimal surfaces in E 3 and zero mean curvature surfaces in L 3 , and explain how these examples are related to each other via Wick rotations.
Example 5.1. By Wick rotations, we can make many correspondences among catenoids in E 3 and L 3 as follows. First let us consider the upper half part of the catenoid in E 3 given by cosh 2 z = x 2 + y 2 , which is written as z = f (x, y) = arccosh ( x 2 + y 2 ). Since the function f is even with respect to y, we can take the Wick rotatioñ
By (i) of Theorem 3.4, it is a timelike minimal surface with negative Gaussian curvature.
The graph of h has the implicit form cosh 2ỹ =x 2 −t 2 , which is called the timelike hyperbolic catenoid of type I. Next if we rotate the catenoid in E 3 as cosh 2 y = x 2 + z 2 , F 2. From left to right: the spacelike elliptic catenoid, the spacelike hyperbolic catenoid, the timelike elliptic catenoid, the timelike hyperbolic catenoid of type I and the timelike hyperbolic catenoid of type II.
we obtain the graph z = cosh 2 y − x 2 , which is also even with respect to y. By (i) of Theorem 3.4, its Wick rotatioñ
is also a timelike minimal surface with negative Gaussian curvature. This surface has the implicit formỹ 2 = cos 2t −x 2 called the timelike elliptic catenoid. On the other hand, if we take the Wick rotation of this surface with respect tox, we obtain the surface t = cos 2 y + x 2 called the spacelike hyperbolic catenoid. Finally, if we start the spacelike elliptic catenoid y = sinh 2 t − x 2 , we obtain its Wick rotation with respect to x t = sinh 2ỹ +x 2 , which is known as the timelike hyperbolic catenoid of type II (see Figure 2) . About the names of catenoids in L 3 , see [16, 21] for details.
As the above examples show, Wick rotations and isometries on the ambient space do not commute in general. By using this, we can construct many solutions to (1), (2) and (3) starting from a given solution. Example 5.2. The entire zero mean curvature graph t = g(x, y) = x tanh y, which was discovered by Kobayashi [19] is a solution to (2) . Since it is odd with respect to x and y, we can take the Wick rotation z = f (x, y) = −g(ix, iy) = x tan y by Theorem 3.10, which is nothing but the helicoid in E 3 . Example 5.3. In Introduction, we saw a correspondence between the doubly periodic Scherk surface in E 3 and Scherk type zero mean curvature surface in L 3 . Here we start from the singly periodic Scherk minimal surface sin z = − sinh x sinh y, which is also called Scherk saddle tower (see Figure 3) . Locally it can be written as z = f (x, y) = − arcsin (sinh x sinh y), which is odd with respect to x and y axes. By Theorem 3.10, its Wick rotation t = g(x, y) = − f (ix, iy) = − arcsin (sin x sin y)
is spacelike surface. This surface has the triply periodic implicit form sin t = sin x sin y, which is called the At the end of this section, we give examples of zero mean curvature surfaces containing lightlike lines. In particular, we reveal new relationships among some zero mean curvature surfaces with symmetries along lightlike lines, most of them were constructed in [10] , by Wick rotations.
Example 5.5. The spacelike hyperbolic catenoid given by t 2 = sin 2 x + y 2 and timelike hyperbolic catenoid given by t 2 = sinh 2 x + y 2 in Example 5.1 are have lightlike lines (see Figure 2) . Both of these surfaces are surfaces of α 0 I I type along the lightlike lines {(y, 0, y) | x ∈ R} and {(−y, 0, y) | x ∈ R} (see [10, Example 2] ). If we translate the spacelike hyperbolic catenoid, and take a graph t = g(x, y) = sin 2 x + (y + 1) 2 − 1, the function g is even with respect to x. Therefore we can take the Wick rotatioñ y = h(t,x) = g(ix,t) = − sinh 2x + (t + 1) 2 − 1, which is nothing but the timelike hyperbolic catenoid in L 3 (t,x,ỹ). Since these surfaces are transformed each other, they share the same approximation function by (i) of Theorem 4.5.
Example 5.6. The spacelike Scherk surface sin t = cos x sin y in Example 5.3 has lightlike lines. Locally this surface can be written as t = g(x, y) = arcsin (cos x sin y), and has a lightlike line segment L ⊂ {(y, 0, y) | x ∈ R}. Along L, this surface is of α + type (see [10, Example 3] ). By the even symmetry of g with respect to x-axis, its Wick rotatioñ y = h(t,x) = g(ix,t) = arcsin (coshx sint)
is also a maximal graph in L 3 (t,x,ỹ) of α + type along a lightlike line segmentL ⊂ {(ỹ, 0,ỹ) |ỹ ∈ R} by (i) of Theorem 4.5 and Corollary 4.6. This surface has the doubly periodic implicit form sinỹ = coshx sint (see Figure 4 , left).
On the other hand, if we translate the triply periodic spacelike Scherk surface as sin t = sin x cos y, which is written as t = g(x, y) = arcsin (sin x cos y) locally. By the odd symmetry of g with respect to x-axis, its Wick rotatioñ y = h(t,x) = −ig(it,x) = arcsinh (sinht cosx)
is an α − I type entire timelike minimal graph in L 3 (t,x,ỹ) with a lightlike line segment L ⊂ {(ỹ, 0,ỹ) |ỹ ∈ R} by (ii) of Theorem 4.5 and Corollary 4.6. This surface has the singly periodic implicit form sinhỹ = sinht cosx (see Figure 4 , center). Moreover, since the above h is even with respect tox, we can take the Wick rotation t = h(y, ix) = arcsinh (sinh y cosh x) in L 3 (t, x, y).
This surface is called the timelike Scherk surface of 2nd kind in [10, Example 5] . By (i) of Theorem 4.5, it is also an entire timelike minimal graph of α − I type along the lightlike line {(y, 0, y) | x ∈ R}. Acknowledgement. This study was initiated during the authors stay at University of Granada in April 2017. They would like to thank Professor Rafael López for his invitation and hospitality. The first author is supported by Grant-in-Aid for JSPS Fellows Number 15J06677. 
